We develop a theoretical framework for the description of light emission from plasmonic contacts based on the nonequilibrium Green function formalism. Our theory establishes a fundamental link between the finite-frequency quantum noise and AC conductance of the contact and the light emission. Calculating the quantum noise to higher orders in the electron-plasmon interaction, we identify a plasmon-induced electron-electron interaction as the source of experimentally observed above-threshold light emission from biased STM contacts. Our findings provide important insight into the effect of interactions on the light emission from atomic-scale contacts.
We develop a theoretical framework for the description of light emission from plasmonic contacts based on the nonequilibrium Green function formalism. Our theory establishes a fundamental link between the finite-frequency quantum noise and AC conductance of the contact and the light emission. Calculating the quantum noise to higher orders in the electron-plasmon interaction, we identify a plasmon-induced electron-electron interaction as the source of experimentally observed above-threshold light emission from biased STM contacts. Our findings provide important insight into the effect of interactions on the light emission from atomic-scale contacts. Introduction.-Atomic-size contacts [1] , realized, e.g., in scanning tunneling microscopy (STM), provide a unique platform to study fundamental quantum transport phenomena such as, e.g., conductance quantization [2] , suppression of shot noise [3] , and vibrational inelastic effects on the conductance and shot noise [4, 5] . Recently, light emitted from STM contacts due to inelastic electron scattering off localized plasmons was used as a probe of the shot noise at optical frequencies [6] . Apart from standard emission due to one-electron scattering processes with photon energy ω < eV , the observation of above-threshold emission with ω > eV indicates that interaction effects on the noise are probed [6, 7] . Emission from atomic-scale contacts is thus well-suited for studying the fundamental properties of high-frequency quantum noise.
The role of quantum noise as excitation source of electromagnetic fields is known from theoretical work on mesoscopic conductors [8] [9] [10] [11] . The emission is related to the positive frequency part, S(ω > 0), of the asymmetric quantum shot noise S(ω) = dt e −iωt δI(0)δI(t) ,
where δI = I − I and I is the current operator, whereas the absorption is connected to the negative frequency part, S(ω < 0). The study of finite-frequency noise and the associated emission has been attracting attention in atomic-scale [6, 7] , molecular [12] [13] [14] [15] [16] and mesoscopic conductors [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] , and may shed light on fundamental issues in molecular optoelectronics [14] and quantum plasmonics [28] [29] [30] as well as the origin of above-threshold emission. For the latter, different interactions have been addressed [26, [31] [32] [33] . However, a complete picture and a systematic treatment are lacking.
Here, we develop a microscopic theory for plasmonic light emission in atomic-scale contacts based on the Keldysh nonequilibrium Green function (GF) formalism [34, 35] . Our approach allows for a systematic calculation of the light emission to higher orders in the interaction between the tunnel current and localized surfaceplasmon polaritions (LSPs) supported by the contact. LSPs are instrumental to light emission [29, [36] [37] [38] and serve as a direct probe of the quantum noise [6] due to their radiative nature and the enhanced electron-plasmon (el-pl) interaction which results from the strong local fields associated with them (see Fig. 1(a) ) [39] . We here establish the link between the quantum noise and plasmonic light within the Keldysh GF formalism and furthermore discuss the relation to the AC conductance. Studying a generic contact model, we find that the experimentally observed above-threshold emission [6, 7] stems from higher-order contributions to the quantum noise associated with the plasmon-induced two-electron scattering process illustrated in Fig. 1(b) .
Theory.-We consider a single radiative LSP mode with frequency ω pl (see Fig. 1(a) ) represented by the quantized vector potential field
where Ω is a quantization volume and ξ pl is a mode vector describing the spatial distribution of the field [40] . The interaction between the LSP and the tunnel current is given by the standard coupling term
where
el is the electronic current density, and j ∇ el and j A el the paramagnetic and diamagnetic components, respectively.
The excitation dynamics of the LSP and the emission is encoded in the LSP GF D(τ, τ ) = −i T c A(τ )A(τ ) where A = a + a † and T c is the time-ordering operator on the Keldysh contour. The retarded and lesser components of the GF are given by their respective Dyson and Keldysh equations,
and
is the bare GF and Π = Π el + Π rad + Π eh is the irreducible self-energy which accounts for the interaction with the tunneling current (Π el ) as well as radiative decay (Π rad ) and decay into bulk electron-hole pair excitation (Π eh ). The latter two are modeled with phenomenological damping parameters γ rad/eh with self-energies Π r rad/eh (ω) = −iγ rad/eh sgn(ω)/2 and Π >/< rad/eh (ω) = −iγ rad/eh |n B (∓ω)|, where n B is the Bose-Einstein distribution function, and give rise to a broadened LSP,
, with width γ 0 = γ rad + γ eh .
The excitation, damping and broadening of the LSP due to the el-pl interaction (3) are governed by the elpl self-energy, Π el = Π ∇ + Π A . To lowest order in the interaction, the two contributions are given by [41] 
respectively, where δj = j − j 0 ,
is the projection of the current operator onto the LSP mode vector,
is the mode-weighted electron-density operator and · 0 is the expectation value in the absence of the el-pl interaction (3). The diamagnetic self-energy does not affect the LSP dynamics as it only depends on the static charge density ρ 0 , and is here neglected. From a perturbative expansion of the LSP GF in the paramagnetic interaction, we find that the exact paramagnetic self-energy is given by [42]
valid to all orders in the el-pl interaction. Here, S irr is the irreducible part of the current-current correlation function S(τ, τ ) = T c δj(τ )δj(τ ) [43] and the expectation value · is with respect to the Hamiltonian that includes the el-pl interaction (3) . Focusing on the case where the el-pl coupling (8) is proportional to the current operator I, the lesser and retarded components of the correlation function S are given by the quantum noise in Eq. (1) and the response function K r (t − t ) = −iΘ(t − t ) [I(t), I(t )] , respectively. From the important formal result (10) , it then follows that the lesser Π ∇,< = −iS 
which may be regarded as a nonequilibrium fluctuationdissipation relation. This demonstrates a fundamental connection between quantum noise and AC conductance previously discussed in Refs. 8 and 45.
To connect the quantum noise to the light emission, we consider the radiative decay of the LSP into a reservoir of far-field modes, H far-field = λ ω λ a † λ a λ , with the associated exchange rate per unit frequency given by
Here, the two terms account for absorption and emission, respectively, in agreement with Eq. (1) [44]. The emitted light is thus governed by
r is the LSP spectral function (see Fig. 1(a) ), showing that it resembles the LSP spectrum and is driven by Π < el . With the above, we have established the link between plasmonic light emission and the quantum noise and AC conductance.
Generic model and results.-With the formal theory established, we go on to study the light emission and finite-frequency noise in a generic model for an atomicscale STM contact consisting of a spin-degenerate electronic state/conduction channel coupled to bulk lead reservoirs of the STM tip and substrate,
Here, ε 0 = 0 is the energy of the electronic level and 
Hamiltonian of the reservoirs with chemical potentials µ tip/sub = ±V /2. The coupling to the reservoirs,
The el-pl interaction takes the form
) is the paramagnetic current operator at reservoir α and
l α is a dimensionless coupling constant with l α a characteristic length scale for the interaction [46] . To describe the experimental light emission [6, 7] , we take the el-pl coupling to be given by |M tip/sub | = M with M tip = −M sub , which implies that the LSP couples to the total current I tot = I tip − I sub through the contact [47] . The paramagnetic self-energy can now be written as a sum over lead-lead components,
with
With the above-mentioned assumption for the coupling constant, we have Π
In the following, we proceed with a perturbative calculation of the irreducible el-pl self-energy illustrated in terms of Feynman diagrams in Fig. 2 (see Ref.
[42] for details). We focus on the regime Γ ω pl , eV, k B T and take k B T = 0, corresponding to the experimentally relevant situation k B T ω pl where the current is the only excitation source for the LSP. interaction (the order of the corresponding self-energy is n + 2) for a contact with T ∼ 0.2 and LSP parameters resembling the experiment [6] . The lowest-order (n = 0) noninteracting quantum noise (full lines in Fig. 3(a) ) is given by the bare bubble diagram. In the limit Γ eV, ω, k B T , we find, in agreement with previous works [9, 48] , that the noninteracting noise spectrum is given by [49]
where H(x) = xn B (x). At k B T = 0, the emission part simplifies to
, and is hence suppressed at perfect transmission and cut off at ω = eV , i.e. in this order only emission with ω < eV (1e) via the one-electron scattering process illustrated in Fig. 1(b) (dashed lines) is included.
The lowest-order corrections (n = 2)-a bubble with a "plasmon-dressed" contact GF and one with a vertex correction-give rise to a reduction of the emission noise (dashed lines in Fig. 3(a) and are cut off at ω = eV like the noninteracting noise.
The above-threshold emission is contained in the 4'th order (n = 4) quantum noise. At k B T = 0, it originates from the coherent two-electron scattering process illustrated in Fig. 1(b) , which corresponds to a plasmoninduced electron-electron (el-el) interaction. To identify the associated self-energy diagrams we employ the optical theorem stating that the imaginary part of a self-energy diagram is given by the sum of squared scattering amplitudes from possible "on-shell" cuts of the self-energy [50] . The relevant self-energy diagrams are therefore identified as the two n = 2 diagrams with the damped LSP GF replaced by its lowest-order correction (see bottom Fig. 2 ). The two diagrams give rise to the ω > eV component (2e) of the noise shown in the inset of Fig. 3(a) (dotted lines) which is cut off at ω = 2eV . The cutoff stems from the above-mentioned scattering process, where an initial emission process exciting the plasmon [wiggly (red) line in Fig. 1(b) ] is followed by an absorption process generating a "hot electron" which can emit at above-threshold energies eV < ω < 2eV . At finite temperature, "hot electrons" can also be generated from thermally excited plasmons. However, at k B T ω pl this process is negligible.
To further analyze the quantum noise, we show in Figure 3 (b) the integrated 1e (0 < ω < eV ) and 2e (eV < ω < 2eV ) components [6, 7] of the emission noise at V = 1.6 V as a function of the conductance. In the tunneling regime, G G 0 , the noise components are found to scale with the conductance as S < 1e ∼ G and S < 2e ∼ G 2 , respectively, emphasizing that they involve one and two-electron scattering processes. Moreover, at perfect transmission, G ∼ G 0 , both the 1e and 2e noise are suppressed. For the 1e noise, the n = 2 corrections do not change this qualitatively. We emphasize that the suppression of emission noise at T = 1 only holds in the considered large-Γ limit [42] .
The fact that the 2e noise shows a G 2 dependence in the tunneling regime and is suppressed at contact, suggests that it scales as the square of the prefactor in the noninteracting noise, i.e.
To test this hypothesis, we inspect the finite-frequency Fano factor F (ω) = S(ω)/eI which should then scale with the transmission coefficient as
with the maximum of F 2e occurring at T = 1/3. The integrated Fano factors shown in Fig. 3 (c) are in excellent agreement with our expectations, confirming the anticipated scaling of the 2e emission noise. The ratio of the 1e and 2e emission noise thus scales with the coupling constant and transmission coefficient as S
Next, we discuss the emission spectrum shown in Fig. 4 as a function of bias voltage and conductance. As expected, the emission which resembles the LSP spectrum has a dominant 1e component which is driven by the noninteracting quantum noise, and a weaker 2e component driven by the higher-order quantum noise. Due to the predicted T dependence of the quantum noise, both the 1e and 2e emission peak at G ∼ 0.5 G 0 and are strongly reduced at G ∼ G 0 . This counter intuitive behavior at perfect transmission where the current is maximized and one naively would expect the same for the emission, is a unique fingerprint of the quantum noise origin.
The tunneling-induced damping of the LSP associated with the dissipative part of the AC conductance gives rise to an additional spectral broadening γ el = −2ImΠ ∇,r . In the large Γ-limit and to lowest order in the el-pl interaction, ReG(ω) = G 0 T and γ el = 8ω/πM 2 T . Contrary to the emission noise, it does not vanish at T = 1 and is independent of the bias voltage. Due to the nondissipative part of the AC conductance (real part of the self-energy) the LSP resonance redshifts (∼ 0.1 eV) with increasing conductance in Fig. 4(b) . Similar spectral features have been observed in subnanometer plasmonic contacts [28, 51] , though the importance of tunneling versus other mechanisms is unclear [52] [53] [54] [55] [56] . Our findings indicate that electron tunneling plays a nonnegligible role in the quantum regime.
Finally, in Fig. 3(d) we show the calculated 2e emission yield, defined as emission per current, as a function of conductance together with the experimental 2e photon yield from Ref. [6] . Compared to the Fano factor in Fig. 3(c) , the above-mentioned spectral changes result in a slight left shift of the curve for the yield. The agreement with the experimental 2e yield is very good, indicating that we have identified the mechanism responsible for 2e emission. At G ∼ G 0 , however, the experimental yields do not show complete suppression (see Ref. [6] ). This discrepancy can be due to experimental factors such as: (i) imperfect or additional transmission channels [6] , and/or (ii) changes in the LSP mode and el-pl coupling as the tip-substrate distance is reduced [57] .
Summary.-To summarize, we have presented a frame-work based on the Keldysh GF formalism for the description of light emission from plasmonic contacts and established the connection between the quantum noise and AC conductance of the contact and the light emission. Studying a generic contact model, we have identified a plasmon-induced el-el interaction associated with the higher-order quantum noise as the mechanisms behind the experimentally observed above-threshold emission [6, 7] . Our approach, which can be generalized to more complex situations, paves the way for a better understanding of the effect of interactions on light emission and quantum noise in atomic-scale and molecular contacts.
We [49] The factor of 4 in Eq. (15) stems from the fact that the total noise, S < = αβ S Supplemental material for "Theory of light emission from quantum noise in plasmonic contacts: above-threshold emission from higher-order electron-plasmon scattering" 
I. LSP GREEN'S FUNCTION
The central object of interest for our description of plasmonic light emission from biased STM contacts, is the contour-ordered GF for the localized surface-plasmon polariton (LSP) of the contact represented by the quantized vector potential
where Ω is a quantization volume and ξ pl is the mode vector. The contour-ordered GF is defined by
where A = a + a † and T c is the time-ordering operator on the Keldysh contour. In the presence of interactions, it obeys the Dyson equation
where d 0 is the bare GF and Π is the irreducible selfenergy.
A. Electron-plasmon self-energy
In order to establish an exact expression for the el-pl self-energy, we start from the perturbation expansion of the LSP GF in terms of the S-matrix on the Keldysh contour,
is the el-pl interaction accounting for the interaction with the tunnel current, j el = j ∇ + j A , which is a sum of paramagnetic and diamagnetic components. As explained in the main text, we here neglect the diamagnetic component and focus on the paramagnetic self-energy, Π ∇ , which governs the excitation dynamics of the LSP.
Introducing the current operator
the S-matrix expansion of the LSP GF in the paramagnetic interaction can be written
where the sum is over connected diagrams and, in the last equality, we have replaced n → 2n (the expectation value of an odd number of boson operators is zero, implying that only even orders contribute in the perturbation series). In order to identify the bosonic self-energy from the perturbation series, the expectation value of the time-ordered bosonic operators is rewritten as
The factor of 2n(2n − 1) on the right-hand side comes from number of ways two internal times can be paired up with the two external times τ, τ in the Wick's contraction of the bosonic expectation value. For each pairing τ, τ n and τ , τ n , the contractions of the remaining 2n − 2 internal boson operators are recollected in the uncontracted expectation value. The GF can now be written
where the reducible self-energy is defined by
Here, we have identified the sum over connected diagrams in the second line as the perturbation expansion of the correlation function S(τ, τ ) = T c δj(τ )δj(τ ) where δj = j − j . Writing out the correlation function we have S(τ, τ ) = T c j(τ )j(τ ) − j 2 . Here, the last term cancels the disconnected diagrams from the perturbation expansion of the first term which do not appear in the expansion for the LSP GF in Eq. (7).
From the above, it follows trivially that the irreducible self-energy is given by
where S irr is the irreducible part of the correlation function S.
B. Self-energy for the contact model
For the simple contact model considered in the main text, the paramagnetic part of the interaction can be written on the form
where M α is the coupling constant at lead α and the paramagnetic current operator is defined by
where the sum is over states k in the lead. It is here assumed that the tunnel coupling t α and the coupling constant M α are independent on the state index k.
Repeating the perturbation expansion for the plasmonic GF in the preceding section with the interaction in Eq. (12), we find that the paramagnetic selfenergy can be written as a sum over lead components,
and S αβ (τ, τ ) = T c δI α (τ )δI β (τ ) is the reducible correlation function with δI α = I α − I α .
Identities for the self-energy
From the hermitian property of the paramagnetic current operator I α , the following set of identities between the different lead-lead components of the retarded/advanced and lesser/greater self-energies can be derived.
For the retarded/advanced components we have
For the lesser/greater components,
In addition, the components of the lesser self-energy in frequency domain are related as
Hence, the diagonals Π < αα are purely imaginary while the off-diagonal elements, in general, have both a real and an imaginary part. Note, however, that the real parts of the off-diagonal components cancel each other, implying that the total lesser self-energy becomes purely imaginary.
II. PERTURBATION SERIES FOR THE SELF-ENERGY
The perturbation series and the rules for evaluating the corresponding Feynman diagrams are most easily developed by writing the el-pl interaction (12) on the general form
where i, j = α, d and α = L, R is a composite lead/state index, α = (α, k). With the interaction written on this form, the el-pl interaction (12) can be represented by the coupling matrix
in the (d, L, R) basis.
We can now write up the perturbation series for the lead-lead components of the self-energy and get
Here the first two sums over i, j and i , j are associated with the current operators appearing explicitly in the correlation function S αβ .
A. The contact GF
Given the structure of the perturbation series in (20) above, the fundamental building block in the Feynman diagrams for the self-energy is identified as the contact Green's function defined by
where i, j = α, d.
In the absence of interactions, i.e. only tunneling between the leads and the level is included, the components of the contact GF are given by
where Σ = Σ L + Σ R , Σ α = k |t α | 2 g α is the self-energy due to the coupling to the leads here described within the wide-band limit, and g α/d is the bare lead/dot GFs.
B. Feynman rules
The perturbation series for the self-energy in (20) can be represented by the Feynman diagrams familiar from perturbation expansions of other two-particle GFs in the presence of an electron-boson interaction (see Fig. 2 of the main text)
2 . Here, we give the Feynman rules that apply to the present case:
• At order 2n, draw 2n + 2 vertices.
• Label each vertex with i, j indices and multiply by M ij .
• Connect vertices with the components of the contact GFs (21) matching the in/out going vertex indices.
• Connect internal vertices with bare boson GFs.
• At each vertex, sum over the states of the involved lead. The appearence of k t α / k t * α at each vertex, implies that the component of the contact GF entering/exiting the vertex with a lead index can be replaced according to:
i.e., only the k-summed lead-dot/dot-lead/leadlead GFs appear in the perturbation series.
• Integrate over all internal contour times.
• Factor of −1 for each fermion loop.
• Factor of −i × i n+2 at order 2n.
The evaluation of the self-energy (retarded/advanced and lesser/greater) on the real-time axis can be accomplished using Keldysh GFs 3 .
III. GFS IN KELDYSH SPACE
In a perturbative calculation of the self-energy, it can be advantageous to work with the GFs in Keldysh space spanned by the forward (−) and backward (+) branches of the Keldysh contour 3 . The GFs are here expressed as 2 × 2 matrices (indicated by theˇsign in the following),
with the components corresponding to the different combinations for the positions of the two time arguments on the contour. This formulation formally arises from the contour integrals which can be recast to real-time integrals as
For an expression on the contour like
which contain n contour integrals, the different real-time components in Keldysh space can hence be obtained as
where σ i = −/+ is the contour branch index and η i = +/− is the accompanying sign. The prefactor in front of the integrals hence keeps track of the overall sign arising from the contour variables residing on the backward branch.
The GF in Keldysh space obeys the Dyson equatioň
whereσ i denotes the Pauli matrices, and can hence be obtained in the usual way aš
where g 0 is the bare GF and Σ is the self-energy accounting for interactions and couplings to, e.g., external leads. The self-energy is defined aš
and the matrix product with the Pauli matrices in (30) adds a minus sign to the off-diagonal elements in order to account for the above-mentioned sign arising from the contour integration in the Dyson equation. When the bare GFǧ 0 is diagonal, the full GF is given byǦ
where the denominator of the prefactor is given by (see, e.g., below), the denominator of the prefactor simplifies to G = Σ r Σ a − (g
The above also holds for a bosonic GFs.
In the subsections below, we give expressions for some of the Keldysh space GFs relevant for the present work.
A. GF for electronic level coupled to leads
For a single electronic level the, the GF in the absence of coupling to leads and interactions is given by
The self-energy due to coupling to leads iš
With this, we can calculate the GF G 0 for the coupled level and finď
Note that the off diagonals are given by the usual lesser and greater GFs as expected. In the wide-band limit the denominator of the prefactor reduces to G(ε) = (ε − ε 0 ) 2 + (Γ/2) 2 .
B. GF for noninteracting lead
The Keldysh GF for noninteracting lead fermions in equilibrium is given by
In the wideband limit, the real part is thrown away.
C. Level-lead GF
The contour-ordered level-lead GF is given by
In Keldysh space it can be written on the form
When multiplied by t * α and summed over k this can be expressed in terms of the coupling self-energy as
D. GF for damped plasmon
The bare GF for a plasmon with frequency ω 0 is given byď 
where D(ω) = (ω 2 − ω 
IV. EXPRESSION FOR THE NONINTERACTING QUANTUM NOISE
In the following, we derive an expression for the noninteracting finite-frequency noise for the single-channel contact considered in the main text. We consider here the total noise
and note that the current-current correlation function S < (t, t ) = I(t )I(t) is the lesser component of the contour-ordered correlation function S(τ, τ ) = T c I(τ )I(τ ) .
The noninteracting quantum noise is given by the lesser component of the bare bubble diagram. Using the Feynman rules for the self-energy above, we can write up the expression for its lead-lead components and obtain S αβ (τ, τ ) = T c I α (τ )I β (τ ) 0
+ G dd (τ, τ ) δ αβ Σ α (τ , τ ) + dτ 1 dτ 2 Σ β (τ , τ 1 )G dd (τ 1 , τ 2 )Σ α (τ 2 , t)
Taking the lesser component of this expression, carrying out the transition to the real-time axis (using either Langreth conversion rules 4 or Keldysh GFs) and moving to frequency domain, we find that the finite-frequency noise can be expressed in terms of the energy-dependent transmission function
as
In the limit Γ eV, ω, the terms in the second line go to zero. Thus, with the assumption Γ eV, ω k B T the noise expression simplifies to
where T = 4Γ L Γ R /Γ 2 is the transmission coefficient and F (x) = xn B (x). This is in agreement with previous works 5, 6 . The factor of 4 in front of the parenthesis originates from the fact that the total noise is considered here.
